whose poles and zeros are all simple and finite, and which alternate (i.e., are interlaced) on an arbitrary circle C of the extended plane. From this standpoint, the finite zeros of the derivative lie in two curvilinear polygons; the polygons lie one in each of the two regions into which C separates the plane; polygons and finite zeros are symmetric in C. The point at infinity is-also a zero of the derivative.
an+l, b1 = b*+ i. Denote by u(z) the harmonic measure wvith respect to the interior of C of the set al + a2 + . . . + a, at a point z interior to C. Then no critical points of u(z) lie in the region Rk [ 1. Consider a transformation T of the plane
with the Jacobian J = 42,, -Us * 0, such that the components satisfy the Laplace equation oxx + ovw = 0°. fXx + 0v =° (2) We shall term any such correspondence T a harmonic transformation.
Harmonic correspondences should not be confused with conformal maps.
In general, the components of a harmonic transformation are not interrelated in any way whatsoever. The only transformations in the real domain whereby every parallel pencil of straight lines and also every concentric set of circles correspond to isothermal families of curves are the conformalities.
For the imaginary domain, the corresponding proposition is the following one.
The only transformations in the real or imaginary domain whereby every pencil of circles corresponds to an isothermal family are the conformal maps. 4 . In general, the inverse of a harmonic transformation is not harmonic. 6 We obtain all harmonic correspondences with harmonic inverses. The following result is established.
In the real domain, the complete set of harmonic transformations whose inverses are also harmonic consists of those of the infinite conformal group, those of the six-parameter affine group, and those of the eight-parameter set of The inverse of any transformation of the eight-parameter set (4) is in the set. If S(a, b, m, n) is any transformation of this set, its inverse is S(A, -b, n, m). The identity is given by a = A, m = n, b = 0.
However this set (4) does not constitute a group since the product of any two transformations of this set (4) is not in the set (4) in general.
In the imaginary domain, it is found that there are four other sets of harmonic transformations with harmonic inverses in addition to the three sets stated above.
5. In the imaginary domain, the only groups of harmonic transformations are the infinite conformal group, the six-parameter affine group, the two infinite groups U = au + g(v), V = F(v), a 0, F,,* 0; U=f(u), V=av+G(u),a*O, fO *O; (5) and the subgroups of these four groups.
In the real domain, the only harmonic groups are the conformal group, the affine group, and the subgroups of these two.
A point transformation T is harmonic if and only if the center trans-

